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Abstract 
Murakami, H. and S. Sakai, Sharp-unknotting number and the Alexander module, Topology and 
its Applications 52 (1993) 169-179. 
Suppose that a knot is deformed into another knot by a #-unknotting operation. Then we will 
show that the difference of their Nakanishi indices is less than or equal to three and that the 
difference of the minimum numbers of generators of the first homology groups of their double 
branched covers is less than or equal to two. We also give infinitely many examples of composite 
knots with #-unknotting number one. 
Keywords: Knot; #-unknotting number; Alexander module; Nakanishi index; Double branched 
cover. 
AMS (MOS) Subj. Class.: 57M2.5. 
Introduction 
In this paper we study knots in the 3-sphere S3. A #-unknotting operation is a 
local move on an oriented knot diagram as illustrated in Fig. 1. 
The notion of this operation is introduced by the first author in [S]. In the same 
paper the #-Gordian distance from a knot k to another knot k’, denoted by 
dg(k, k’), is defined to be the minimum number of #-unknotting operations 
needed to transform a diagram of k into that of k’. The Gordian distance from k 
to k’, denoted by d,(k, k’), is defined using the (ordinary) unknotting operations 
instead of the #-unknotting operations. Note that the #-unknotting number u#(k) 
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Fig. 1. 
of k is given by dg(k, trivial knot), and that the unknotting number u(k) is d,(k, 
trivial knot). We also note that dg(k, k’) (and hence u#(k)) is always finite like 
d,(k, k’) Bl. 
Let M(k) be the universal Abelian covering space of k. The Nakanishi (or 
minor) index of k, denoted by e(k), is the minimum number of generators of 
H,(M(k); Z) as a A-module, where A = Z[t, t-l] [9]. (Note that our definition of 
the Nakanishi index differs from that in [9]. In [6] it is shown that the two 
definitions are equivalent.) Let e,,(k) be the minimum number of generators of the 
first integral homology group H,(M,(k); Z) of the p-fold cyclic branched covering 
space M,(k) of k. Then the following theorems on the unknotting operation are 
known. 
Theorem A [12]. Unknotting number one knots are prime. 
Theorem B [9]. For any two knots k and k’ with d,(k, k’) = 1, I e(k) - e(k’) I Q 1. 
So d,(k, k’) > I e(k) - e(k’) I. In particular, u(k) > e(k). 
Theorem C [7,13]. For any two knots k and k’ with d&k, k’) = 1, 1 e,(k) - e,(k’) 1 
QP - 1. SO d,(k, k’) > l/(p - 1) I e,(k) - e,,(k’) I. In particular, u(k) > l/(p - 
l)e,(k). 
Theorem B is a refinement of Theorem C. 
Remark 0.1. In [9], it is only proved that u(k) 2 e(k). But the statement above is 
easily verified using the technique there. 
In this paper, we study problems on the #-unknotting operation corresponding 
to the previous theorems on the unknotting operation. 
Proposition 1.1. There are infinitely many composite knots with #-unknotting num- 
ber one. 
Theorem 2.1. For any two knots k and k’ with dz(k, k’) = 1, 1 e(k) - e(k’) 1 Q 3. 
So we have d,$(k, k’) > i I e(k) - e(k’) I and u#(k) z ie(k). 
Theorem 2.2. For any two knots k and k’ with d$(k, k’) = 1, I e,(k) - e,(k’) 1 < 2. 
So we have dg(k, k’) > 4 I e,(k) - e,(k’) I and u#(k) & ie,(k). 
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The inequalities of Theorems 2.1 and 2.2 are best possible. In Section 2 we give 
an example which attains the equalities. 
1. Composite knots with #-unknotting number one 
In this section, we show the following proposition by giving examples. 
Proposition 1.1. There are infinitely many composite knots with #-unknotting num- 
ber one. 
Proof. We consider the knots Ki = C(- 3)#C(4, 2n) and Ki = C(-3)#C( - 3)# 
C(2, 2, 2, 2n) (n = 0, t- 1, + 2, . . . ) described in Figs. 2 and 3. Here the symbol of 
C( *) means the Conway notation for two-bridge knots [3]. Since the #-unknotting 
operations described there change these knots into the trivial knot, we have 
u#(K,o) = u#(KA) = 1. 0 
Note that KF = 3,#5, and K,’ = 3,#3,#4,. Here we use the notation of Alexan- 
der and Briggs. See [l,lll. 
-- 
2n crossings 
q = C(-3) # C(4,2n ) 
trivial knot 
Fig. 2. 
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-- 
2n crossings 
K; = C(-3) # C(-3) # C(2,2,2,2n ) 
III 
trivial knot 
Fig. 3. 
Proposition 1.2. (i) Among knots with two prime factors and with #-unknotting 
number one, 3,#5, (and its mirror image) is the knot which has the minimum 
crossing number. (ii) Among knots with three prime factors and with #-unknotting 
number one, 3,#3,#4, (and its mirror image) is the knot which has the minimum 
crossing number. 
Proof. We use the following theorem proved in [S]. 
Theorem D. Let k be a knot with u#(k> = 1. Then a(k) = k2, k 4, or f 6 and 
Arf(k) = 1 (mod 21, where Arf(k) ti the Ag (or Robertello) invariant of k [ 101. 
(9 Let k denote the mirror image of a knot k. Since u#(k> = u#(k) for every 
knot k, we must only check that the #-unknotting numbers of 3,#3,, 3,#q;, 3,#4,, 
3,#5,, 3,#5;, 3,#5;, and 4,#4, are greater than one. Since Arf(3,#3,) = 
Arf(3,#q;) = Arf(3,#4,) = Arf(3,#5,) = Arf(3,#5;) = Arf(4,#4,) = 0, the #-un- 
knotting numbers of these knots are not one. Since a(3,#5,) = 0, we have 
u#(3,#5-;) > 1. 
(ii) We must only check as above that the #-unknotting numbers of 3,#3,#3,, 
3,#3,#q, and 3,#%#4, are greater than one. Since ~(3~#q;#4~) = 0, 
U#(3,#q#4,) > 1. 
To prove u#(3,#3,#3,) # 1, we use Theorem 2.2. Since H,(M,(3,#3,#3,); 
Z) = H/3Z @ Z/32 CD h/36, e,(3,#3,#3,) = 3. By Theorem 2.2, u#(3,#3,#3,) > 1. 
By the same reason u#(3,#3,#3,) > 1. 
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Note that we cannot deny u#(3,#3,#3,) = 1 using only results in [S]. 
This completes the proof. q 
Remark 1.3. We do not know whether there exists a knot with #-unknotting 
number one and with four or more prime factors. 
2. Alexander module 
A #-unknotting operation is realized by applying four unknotting operations, 
and so d,Z(k, k’) > &f&k, k’). (We conjecture that this inequality is best possible. 
See Remark 2.4.) Besides d,(k, k’) 2 I e(k) - e(k’)l by Theorem B. So we have 
dz(k, k’)&iIe(k)-e(k’)I. 
Here we can get a better estimation than this. 
Theorem 2.1. For any two knots k and k’ with dg(k, k’) = 1, I e(k) - e(k’) I G 3. 
So we have dg(k, k’) 2 fl e(k) - e(k’)l and u#(k) > ie(k). 
As a corollary to Theorem 2.1 we have dg(k, k’) 2 f I e,(k) - e,(k’) I. Nakan- 
ishi showed us that the same estimation is also given by [4, Lemma 31. (Note that 
we can regard a #-unknotting operation as a replacement of a 4-string trivial 
tangle.) Here is a better estimation than this. 
Theorem 2.2. For any two knots k and k’ with dz(k, k’) = 1, I e,(k) - e,(k’) I G 2. 
So we have dg(k, k’) > 4 I e,(k) - e,(k’) I and u#(k) > ie,(k). 
Proofs of Theorems 2.1 and 2.2 are given in Section 3. 
Proposition 2.3. Inequalities of Theorems 2.1 and 2.2 are best possible. In fact we 
show that dE(#,,,KA, #,,,,Ki) = f I e(#,,,K,‘) - e(#,,Ki) I = i I e,(#,KA) - 
e2(#,,,, Ki) I for n f - 1. (See Fig. 3 for K,‘.) Here #, KA means the connected sum 
of m copies of KA. 
Proof. (i) e(#, KA) = 3m. Recall that KA = C( - 3)#C( - 3)#C(2, 2, 2, 2n). An 
Alexander matrix for C(2, 2, 2, 2n) is (A,(t)) (1 x 1 matrix), where A,(t) = n( t - 
l)*(t* - 4t + 1) - t(t* - 3t + 1). So an Alexander matrix A(Ki, t) for K,’ is 
A@;, t) = 
I t*-t+l 0
0 t2-t+l 
0 
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This matrix yields a 3m X 3m Alexander matrix A(#,K$ t) for #,K,’ as follows. 
I 
A(K,‘, t) 0 0 
\ 
. . . 
0 0 
A&K:, t) = 
A(K;, t) . . . 
. 
\ 0 0 . . . A(Ki> f), 
(block sum of m matrices). 
Here 0 is a zero matrix of suitable size. 
SO we have e(#,Ki) =Z 3m. If e(#,Ki) Q 3m - 1, the (3m - l)-st elementary 
ideal E3m_&4(#mK~, t)> = A ( see for example [2]), and A/E,,_ 1 = {0} as an 
Abelian group. But, in fact, 
= n( ai+4 - 6~i+s + lOui+* - 6ai+i + Ui) 
-a,+3+%+2-%+1 
=o,i=o, +1, f2 )... > 
= - (a,, u,1(3n + 2)u, = (3n + 2)u, = 0) 
Z L/(3n + 2)Z G9 H/(3n + 2)Z 
${O) (nz -1) 
as an Abelian group. Therefore e(#,,,KA) 94 3m - 1 and e(#,,,KA) = 3m. So we 
have e(#,Ki) - e(#,,Ki) = 3(m - m’). 
(ii> e,(#,KA) = 2m. A presentation matrix for HI(M2(#mK~); Z) is give by 
A(#,,, K:, - 1). So H,(M,(#,K,‘); Z> = @,2/32 @,Z/(72n + 15)Z and e2(#mKi) 
= 2m. Thus we have e2(#mKi) - e,(#,,K$ = 2(m - m’). 
(iii> u#(KA) = 1 is shown in Section 1. (This is also true for n = - 1.) So we 
have dg(#,,Ki, #,,,,KA) < 1 m - m’ I. On the other hand Theorem 2.1 shows that 
dg(#,KA, #,f Ki) > i 1 e(#,K,‘) - e(#,,K,‘) I = I m - m’ I . Finally we have 
dE(#,KA, #mrKA) = I m - m’ I = f I e(#,Ki) - e(#,,Ki) I = i 1 e2(#mKi) - 
e,(#,,KL) I for n # - 1. 0 
Remark 2.4. Let us consider the knot K: = Cc- 3)#C(- 3)#C(2, 2, 2, 2) = 
3,#3,#8,,. From 151, ~(8,~) = 2. Since ~(3,) = 1, it is very natural to conjecture 
that u(3,#3,#8,,) = 4. If this is true, the inequality d,$(k, k’) > $d,(k, k’) is best 
possible because d~(3,#3,#8,,, trivial knot) = 1 from Proposition 1.1. 
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3. Proofs 
Proof of Theorem 2.1. We can regard the #-unknotting operation as a local move 
as illustrated in Fig. 4. We construct orientable Seifert surfaces F and F’ for k 
and k’ respectively by a usual way. If we choose {a,, u2,. . . , azgl as a generator 
system of H,(F), then {b,, b, ,..., b,, a,, u2,. .., az,} is a generator system of 
H,(F’) as indicated in Fig. 5, where g is the genus of F. 
Let V, and V,, be Seifert matrices for k and k’ respectively. Let A(k, t) and 
A(k’, t) be Alexander matrices for k and k’ respectively. Then 
Vk’ = 
I -1 +1 0 -1 0 0 +1 0 0 
0 -1 +1 0 0 0 0 0 0 
0 0 -1 +l 0 0 0 0 0 
0 0 0 -1 0 0 0 0 0 
+1 0 -1 0 -1 0 0 0 0 
-1 0 0 0 0 x1 x2 x3 P 
0 0 0 +l 0 xq x5 x6 Q 
-1 0 0 0 +l x7 x8 x9 R 
0 0 0 0 0 s w u v, \ 
where x1, x2,..., x9 are integers P, Q and R are row vectors, and S, W, and U 
are column vectors. So A(k’, t) = V,, - tVk? is given by 
r-1 +1 0 -1 --t 
--1 t-1 +1 0 0 
0 --t t-1 +1 t 
t 0 --t t-1 0 
+1 0 -1 0 t-1 
-1 0 0 0 0 
--t 0 0 +1 0 
-1 0 0 0 +1 
0 0 0 0 0 
0 
0 
0 
0 
x,(1 -t) 
x4 - tx2 
x, - txj 
S-tPT 
+1 
0 
0 
--t 
0 
0 
0 
0 
-t 
x2 - tx‘$ x3 - tx-i 
x5(1 -t) X6 - txg 
X8 - a6 x,(1 -t) 
W- tQ= U-tR= 
li- = #-unknotting operation 
0 
0 
0 
0 
0 
P-e= 
Q-t,= 
R-tU= 
A(k, t) 
k 
Fig. 4. 
k’ 
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F 
b6 
F 
Fig. 5. 
where VT means the transpose of V. Calculations in Section 4 show that A(k’, t) 
and the following matrix D(t) are presentation matrices for the same A-module 
H,(M(k ‘1; Z). 
( n,(t) ndt) n,(t) N,(t) \ 
D(t) = 
n,(t) ns(t) n,(t) Ndt) 
n,(t) n,(t) ndt) Ndt) ’ 
\S-tPT W-tQ= U-tRT A(k, t), 
where n,(t), n,(t), . . . , n,(t) EA and N,(t), N,(t) and N,(t) are row vectors. Let 
A*(k, t> be a minimal Alexander matrix for k, which is defined to have the 
minimum size among all square Alexander matrices for k. 
Then the following matrix D’(t) presents H,(M(k ‘I; Z). 
i ndt) 3(t) n,(t) N;(t) ’ 
D’(t) = 
n,(t) ns(t) n,(t) N;(t) 
n,(t) %3(t) n,(t) N;(t) . 
\N;(t) N;(t) N;(t) A*(k, t), 
From the definition e(k) is the size of A*(k, t) and e(k’) is less than or equal to 
that of D’(t). So e(k’) =G e(k) + 3. Since we also have e(k) G e(k’) + 3, I e(k) - 
e(k’) I G 3. This completes the proof. •I 
Proof of Theorem 2.2. By the proof of Theorem 2.1, D( - 1) is a presentation 
matrix of an Abelian group H,(M,(k’); B). Since n,( - 1) = 1, n,( - 1) = n6( - 1) = 0, 
and NJ - 1) = 0, the following matrix is a presentation matrix of H,(M,(k’); 22). 
h-1) d-1) d-1) N1(-1) ’ 
1 0 0 0 
+-L) na(-l) nkl) N3(-1) ’ 
\ s+p= W+QT UtR= A(k, -I)/ 
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We easily see that the following matrix also presents H,(M,(k’); Z>. 
1 
4-l) %-1) MI ’ 
D’= n,(-1) %(-1) Mz , 
M3 M4 A*(k) 1 
where A*(k) is a minimal presentation matrix of H,(M,(k); Z>. e,(k) is the size of 
A*(k) and e,(k’) is less than or equal to that of D’. So e,(k’) <e,(k) + 2. Since 
we also have e,(k) G e,(k’) + 2, I e,(k) - e,(k’) I < 2. Then the proof is complete. 
4. Calculations 
Let B(t) and C(t) be the following matrices. 
(0 0 0 0 0 -1 
0 -1 -1 0 -t -t2-t 
0 1 0 0 0 0 
0 -t+1 1 0 0 0 
B(t) = 0 0 0 0 0 -1 
1 1 1 0 t t2- 1 
t 0 1 1 -1 0 
0 0 0 1 -t 0 
\o 0 000 0 
c(t) = 
1 0 0 0 0 x11 
0 1 0 0 0 c, 
t -t+1 1 0 0 Cd 
-t2+ t t2-t+1 0 1 -t c, 
0 0 0 0 1 Cl0 
0 0 000 1 
0 0 00 0 0 
0 0 00 0 0 
0 0 000 0 
0 0 0 
1 t2 0 
0 0 0 
0 0 0 
0 1 0 
0 -t2+t 0 
0 t2-1 0 
-t+l t2-1 0 
0 0 I 
x24 x37 P- tST’ 
c2 c3 Cl 
cS c6 c2 
C8 c9 c3 
Cl1 Cl2 c4 . 
0 0 0 
1 0 0 
0 1 0 
0 0 I , 
Here I is an identity matrix of suitable size, 
C,=(t2+t)X11-X42-t2X,3, 
C2=(t2+t)X24-X55-t2X86, 
cg = (t2 + t)x,, -x68 - A,, - t*, 
C,=(t2+t)(P-tS=)-(Q-tW=)-t2(R-NT), 
Cd = tx,, - (t - l)c,, 
cs=tx2,-(t-l)c,, 
cs=tx3,-(t-1)C3, 
C2=t(P-tS=)-(t-1)C1, 
178 Sharp-unknotting number 
CT = -PX,, + Lx,, + ( t2 - t + l)c,, 
cg = -PX,, + ass + ( t2 - t + l)c,, 
cg= -t2X,,+tXgg+(t*-t+1)C3, 
c,= -t2(P-tST)+t(R-tUT)+(t2-t+l)C1, 
Cl0 =x11 -x73, 
‘11 =x24 -xS6, 
Cl2 = x37 - x99 T 
C,=(P-t&ST) -(R-tUT), 
and xii = xi - txj. 
Then we have 
B(t)A(k’, t)C(t) 
ZY 
1 0 0 0 0 
0 1 0 0 0 
0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
00000 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
ndt) n,(t) n3(t> N,(t) 
n,(t) ns(t> n6(t) N2(f) 
n,(t) ns(t> n,(t) N3(t) 
s-tPT W-tQT U-tRT A(k, t) 
‘1 0 ’ 
1 
1 = 1 3 
1 
,O D(t) 
where 
nl( t) = ( t2 - 1)x,, - (t* - t)x,, + t, 
n2(t)=(t2-l)x24-(t2-t)x86+1, 
n3(t)=(t2-l)X37-(t2-t)X99-t2+tt, 
NI(t)=(t2-l)(P-ST)-(t2-t)(R-tUT), 
n4( t) = ( t2 - 1)x,, + t2, 
%tt) =tt2- ljx86, 
n6( t) = ( t2 - 1)x,, + t2 + t, 
N2(t)=(t2-l)(R-tUT), 
H. Murakami, S. Sakai 179 
n,(t)= -(t-l)x,,+(t2-t)X~3, 
n,(t)= -(t-l)x,,+(t*--)Xs6-t, 
n,(t)= -(t-l)x,,+(t2--)Xgg+t2, 
&(t)= -(t-l)(Q-W)+(t’-t)(R-tLq. 
Since det B(t) = det C(t) = 1, both A(k’, t> and B(t)A(k’, t)C(t> are presenta- 
tion matrices of the same A-module H,(M(k’); 23. We see from the above 
formula that D(t) also presents H,(M(k’); Z>. 
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